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Abstract 
Determination of the yet to be produced oil and gas prescribes the assets of a company. 
This is important internally in regard to budgeting and externally in regard to the valuation 
of the company. The yet to be produced oil and gas are known as reserves and their 
determination from historical trends, known as decline curves, are the subject of this 
thesis. The culmination of this work is to determine stochastic reserves for wells 
producing in infinite acting linear-flow based on statistical sampling of mature wells 
whose production life has extended into mature flow-regimes. 
1 
Chapter 1 
Introduction and Literature Review 
This chapter will briefly describe the intent of this research and its objective. A brief 
overview of the recent estimated ultimate recovery methodologies will be discussed based 
on current literature available in the public domain. An ephemeral synopsis will be given 
to the work flow of each chapter and describe the organization of the thesis.  
 
1.1 Overview 
The core of this research is to develop a probabilistic model that will empower the user, 
along with stochastic methodologies, to determine the estimated ultimate recoveries for 
wells that are still in the linear-flow regime. Society of Petroleum Engineers (2016), states 
that probabilistic methodologies acts as a check against the more traditional reliance upon 
deterministic methods quantifying at a high level the expected confidence associated with 
proved reserve volumes. This method is intended to be used by upstream companies, mid-
stream companies, investment firms or entity looking to gain insight into an oil field based 
on the potential estimated ultimate recoveries of a field of interest coupled with current 
and future commodity prices for oil. Moreover, the Petroleum Resource Management 
System (PRMS) criteria will be used to establish proved, probable and possible reserves 
for public reporting and economic analysis. The research specifications for this study was 
for wells that have been producing for approximately three to seven years. All wells 
where required to be horizontally drilled and where drilled in either McKenzie or 
Williams Counties in North Dakota (Figure 1 and Figure 2), which are currently the most 
prolifically drilled counties in North Dakota at the time of this study. 
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Figure 1. Bakken Shale, McKenzie and Williams Counties, North Dakota. (Great 
Northern Energy, 2016) 
 
 
 
Figure 2. Graphical depiction of the Bakken wells evaluated for this study.  
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The average estimated ultimate recovery range of the wells in this research was found to 
be between 290,000 STBs to 470,000 STBs based on assumed operating costs and oil 
commodity prices that will be presented in detail in chapter five of this study. 
 
1.2 Purpose of Research  
The purpose of this research is to establish a new method of analyzing reserves for 
evaluating estimated ultimate recoveries of oil. At the time of this writing, approximately 
75 United States oil and gas companies, (and counting) have filed for chapter 7 or chapter 
11 bankruptcy protection since the fall of the oil and gas commodity prices in 2014, 
Haynesboone (2016). There are many aspects that lead to a company filing for 
bankruptcy; however, this is a trend that is all too common and cyclical, which make 
understanding reserves so important. When times are good and oil commodity prices are 
high, companies can get over-extended in their business portfolios and take on to much 
risk. High-risk, high-reward mentalities, comes at a cost and that cost could be jobs, 
forfeiture of a company and value degradation to shareholders, Olsen and Lee (2010). 
The purpose of this research is to develop a methodology that will allow for the 
probabilistic determination of the estimated ultimate recoveries of a field such that one 
can assign a degree of probability on the feasibility of being able to produce oil assets 
based on operating expenses and future and current oil commodity prices. The 
probabilistic analysis will be coupled with the Petroleum Resource Management System 
(PRMS) criteria to establish proved, probable and possible reserves when reporting 
reserve criteria to public, state or federal agencies. 
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1.3 Literature Review 
Most of the available literature in circulation, at the time of this study, does not look at 
probabilistic estimated ultimate recoveries from a field production perspective. Most 
papers look at enhancing the estimated ultimate recoveries based on adding new 
technologies to improve the estimated ultimate recovery through knowledge of reservoir 
characterization, well construction and enhancing stimulation and completion practices. 
The methods found in the literature are mostly deterministic for evaluating ways to 
enhance the estimated ultimate recovery and have very little in regards to probabilistic 
analysis. Authors like Shaoyong and Dominic (2013), introduce a modified Stretch 
Exponential Production Decline Method, which is primarily used to evaluate estimated 
ultimate recoveries with wells with short production history.  Cunningham et.al. (2012), 
uses multiple linear-regression models that compare and contrast multiple well design 
properties to the production of multiple wells of interest in the Marcellus Shale to better 
design the estimated ultimate recovery of future wells. Kabir and Lake (2011), provided 
analytical solutions considering concentric compressibility elements to be utilized in the 
continuity equation to ascertain production data from conceptual geobodies. One of the 
only papers found in the literature was authored by Freeborn and Russell (2015), which 
proposes a method that involves determining the aggregated distribution of estimated 
ultimate recoveries for a specified number of wells utilizing a statistical approach with 
Monte Carlo trials. However, almost all methods presented, with the exception of 
Freeborn and Russell, depend on reservoir properties or some form of insight into the 
mechanics of the well. However, most companies - like midstream companies and 
investment firms - are not able to acquire specific detailed information in regards to the 
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reservoir characterization or the producer’s completion and production practices; both are 
central in determining potential reserves based on deterministic methods. Therefore 
companies must rely on available public data to use for their due-diligence analysis for 
specific oil assets.  
 
1.4 Organization of Thesis 
The primary chapters in regards to this research are in chapter two, three, four and five of 
this writing. Chapter two deals with the development of the model for a well in boundary-
dominated flow going through the meticulous setup of the model and details the 
cumulative production versus square-root-of-produced-time profile that will be used as a 
diagnostic tool to determine various well parameters that will be used in the stochastic 
analysis.  
Chapter three will detail two wells in linear-post-linear and linear-flow. These wells have 
not reached the time to the end of linear-flow and the use of a probabilistic tool utilizing 
Bayesian Theory will be employed to determine the estimated time to the end of linear-
flow based on a probability confidence criteria. Once the procedure has been laid out in 
full, utilizing the well examples, the stochastic values for all wells of interest will be 
presented, which will be part of the Monte Carlo numerical simulation setup. 
Chapter four will describe the stochastic analysis approach for determining stochastic 
parameters that will be used in the probabilistic predictions of the estimated ultimate 
recovery of oil. 
Chapter five will show both deterministically found estimated ultimate recoveries of a 
well along with a Monte Carlo simulation based on the stochastic methods and well 
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parameters found in chapters two, three and four. The Monte Carlo simulation will show 
the convergence, of an example well, along with the estimated ultimate recovery of the 
reservoir based on the well parameters found in chapters two and three. 
Chapter six will discuss some conclusions and reiterate some important findings outlined 
in the study. 
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Chapter 2 
Well Evaluation Boundary-Dominated Flow-regime 
This chapter looks at the development of the cumulative production versus the square-
root-of-produced-time profile with emphasis on a well that has reached boundary-
dominated flow. Here the procedural layout will be given such that the user can apply this 
methodology to wells of interest in a production field. At the conclusion of this analysis 
four values will be ascertained from the analysis and will be values that will be used for 
the Monte Carlo simulation to evaluate the estimated ultimate recoveries of oil based on 
stochastic methods. 
 
2.1 Public Data Gathering 
The user of cumulative production versus the square-root-of-produced-time profile will 
need to identify a public database domain. This research utilized production data gathered 
from the North Dakota Oil and Gas Division (NDIC) to gather historical production data 
of horizontal wells that have been producing for three to seven years in the McKenzie 
and Williams counties of North Dakota (NDIC 2014). It is important to identify credible 
sites when extracting data that will be used to develop the cumulative production versus 
the square-root-of-produced-time profile analysis proposed in this research. There are 
many credible sites to choose from such as state oil and gas databases, NDIC for this 
research, IHS United States Production and Drillinginfo to name a few; however, it is 
strictly up to the readers discretion on the choice of production data collection. Once a 
site has been selected for data gathering it is important to do some background research 
on the credibility of the data being published. It is a good practice to ascertain how the 
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data being used on the database sites was obtained and documented and what the 
requirements are to publish data in that domain. This information will be useful if one has 
to go back and do some due-diligence work to validate the results of one’s research when 
using the model. The requirements for NDIC for petroleum production reporting fall 
under the reporting standards of the American Petroleum Institute NDIC (2016).  
 
2.2 Caution when gathering production data 
It should be noted of the importance of understanding the data that will be used in this 
analysis. Data is the foundation and cornerstone to this research. If the data has been 
collected with unreliable methods or measurement instrumentation errors then the 
analysis, proposed in this research will yield inaccurate results that can have an effect on 
the decision-making processes with financial impacts. This research used a public 
database domain that publishes monthly production data only. Furthermore, since this 
research used a public data base that only publishes monthly production data, it should 
be understood that there may be some ambiguities when surmising information 
ascertained using this analysis that would only be seen in daily production data. 
Therefore, if it is possible to acquire daily production data then this data should be used 
in lieu of monthly production data. Monthly production data can hide some aspects of the 
physical phenomena, which can be better defined when using daily production data. 
Therefore, it is recommended, but not necessary, to use daily production data if possible 
to ensure optimal results. 
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2.3 Development of the Production Profile for a well that has reached boundary-
dominated flow. 
This research looked at over 500 wells from McKenzie and Williams Counties in North 
Dakota. Only 185 wells were evaluated using the production profile of the cumulative 
production verses the square-root-of-produced-time to conditions that where established 
at the beginning of this research. This research was done independent of any knowledge 
of a producing company’s completion or drilling practices.  
For this example the Clarks Creek 10-0805H well will be analyzed in detail. The Clarks 
Creek 10-0805H well is a horizontal well located in McKenzie County, North Dakota. 
This well has been in production for approximately three years at the time of this study. 
To begin, well production data was gathered from the North Dakota Industrial 
Commission website (NDIC). The production data is given in Table 1. 
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Table 1: North Dakota Industrial Commission (NDIC) production data for the 
Clarks Creek 10-0805H 
 
Month of 
Production
Days produced in 
the month
Oil 
(bbls)
Gas 
(Mcf)
Water 
(bbls)
Jun-12 25 24337 26565 15139
Jul-12 31 24598 14001 6617
Aug-12 30 20209 20781 5307
Sep-12 30 23800 15947 5555
Oct-12 26 12041 15564 2936
Nov-12 21 5518 6247 1385
Dec-12 31 21174 27431 4252
Jan-13 19 10360 14191 2176
Feb-13 24 3507 3385 1112
Mar-13 31 7471 8501 1869
Apr-13 30 16270 23737 3106
May-13 31 15690 27492 3319
Jun-13 30 14412 32473 3328
Jul-13 31 11674 28519 3076
Aug-13 21 4897 4975 1628
Sep-13 30 10779 16956 2728
Oct-13 31 10127 24093 2634
Nov-13 27 7912 13170 2382
Dec-13 31 8119 18595 2325
Jan-14 31 6681 13896 2368
Feb-14 19 4704 13478 1614
Mar-14 31 7070 29515 2528
Apr-14 30 5981 23737 1975
May-14 31 5443 21836 1829
Jun-14 30 4767 10754 2176
Jul-14 31 4889 11748 1780
Aug-14 31 4749 12143 1652
Sep-14 26 4120 10501 1442
Oct-14 31 4774 13713 1662
Nov-14 14 2232 3529 1159
Dec-14 31 5518 12700 2071
Jan-15 31 4293 14397 1836
Feb-15 28 3153 10938 1135
Mar-15 31 4068 12387 1346
Apr-15 30 3510 11257 1301
May-15 31 3600 12226 1254
Jun-15 30 2666 8895 953
Jul-15 31 2908 8006 1065
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From Table 1 the cumulative production versus square-root-of-produced-time profile can 
be generated in accordance as follows, Figure 3. 
 
Figure 3. Cumulative production versus square-root-of-produced-time profile of the 
Clarks Creek 10-0805H. 
 
Figure 3 exhibit the flowing behavior of the well’s production, and utilizing this plot the 
time at which the transition from the infinite-acting flow-regime to the pseudo-steady 
state boundary-dominated flow-regime can be determined. Henceforth, the infinite-acting 
linear-flow-regime will be referred to as “linear-flow”, and the pseudo-steady state 
boundary-dominated flow-regime will be referred to as “boundary-dominated flow”. For 
this research if a well exhibits an Arps’ exponent of two, from Rodrigues and Callard 
(2012), this will imply that the well would have an infinite reservoir such that the well 
would produce forever and never deplete. For example, from Poston and Poe (2008), 
wells that exhibit Arps’ exponent’s greater than one could be caused by highly variable 
permeability where layered and naturally fractured reservoirs may exhibit this type of 
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Arps’ exponent; moreover, also from Poston and Poe, high Arps’ exponent values can be 
the formation of long-lived crossflow patterns caused by the oil or gas feeding from very-
low permeability’s to high permeability zones. An infinite-acting reservoir is an 
impossibility over the life of a well due to the fact that all reservoirs are finite and 
determining when the time to the end of linear-flow occurs is the only way to truly 
determine the precise approximation of the estimated ultimate recoveries from a well.  
 
2.4 Analysis of the Data and further development of the Model 
The next step is to analyze both the linear-flow regime and the boundary-dominated flow 
regime regions of Figure 3 and prepare a model fit of the cumulative production versus 
square-root-of-produced-time profile.  
To determine the model fit of the cumulative production versus square-root-of-produced-
time profile, the linear-flow-regime will be analyzed such that a model fit curve can be 
applied to the linear portion of the cumulative production versus square-root-of-
produced-time profile. This linear portion of the cumulative production versus square-
root-of-produced-time profile is known as the infinite acting linear-flow regime. The 
model fit of the data can be shown for cumulative production versus square-root-of-
produced-time (Figure 4) and is represented by the model fit, equation (2-1).  
mi pcsrtpp
tmNN * ……….……...……………………………...………...…….(2-1) 
where pN  is the cumulative oil production, ipN is the cumulative oil production intercept, 
csrtm  is the slope of the cumulative production versus square-root-of-produced-time 
profile, 
mp
t  is the square-root-of-produced-time in months. It should be noted by  taking 
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the derivative of the equation (2-1) it can be shown that the economic limit is equal to the 
cumulative production of oil rate, equation (2-2). 
life
ecl
P
t
m
q
dt
dN
2
2 ……….……...…………………….…………...………...…….(2-2) 
where eclq is the economic limit, 2m is the slope of the linear-post-linear cumulative 
production versus square-root-of-produced-time profile lifet  is the current age of the 
well of interest.  
Furthermore, the next step in the analysis is to develop a model fit of the cumulative 
production versus the square-root-of-produced-time profile. From Rodrigues and Callard, 
(2012) the equations needed to develop a model match of the actual production data of 
the cumulative production versus square-root-of-produced-time profile will utilize the 
Arps’ hyperbolic equation’s for model match analysis. As presented in Childers and 
Callard (2015), a key component of developing the stochastic approach is to determine 
the simultaneous match of the cumulative production at the end of linear-flow regime and 
the Arps’ hyperbolic exponent during boundary-dominated flow by minimizing the error 
between the Arps’s hyperbolic analysis and the actual oil production data. It is imperative 
to determine the simultaneous matching of both flow-regimes in order to properly 
determine the correct time to the end of linear-flow. Figure 4, shows the model match of 
the oil production for both the linear-flow regime and the actual production data. Figure 
4 also displays the future oil production projection based on the model match of the oil 
production data. 
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Figure 4. The model fit to determine the time to the end of linear-flow for the 
cumulative production versus the square-root-of-produced-time in months, future 
model projection of the Clarks Creek 10-0805H. 
 
From Figure 4 one observations needs to be discussed when analyzing the cumulative 
production versus the square-root-of-produced-time profile for the model fit of the linear-
flow-regime. First, the intercept of the cumulative production versus the square-root-of-
produced-time profile can never be positive. From Rodrigues and Callard (2012), the 
intercept will be non-positive with exception of cases where infinite conductivity 
fractures occur and the intercept in this case would be zero. 
Two variables can be determined from the model fit of the infinite-acting flow regime of 
the cumulative production versus square-root-of-produced-time profile and these values 
can be used to determine time to the end-of-linear-flow of a well of interest. The slop and 
intercept of the cumulative production versus the square-root-of-produced-time can be 
found from Figure 4, and are csrtm and ipN respectively. The values of the slope and 
intercept as well as the time to the end of linear-flow for the Clarks Creek 10-0805H can 
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be found in Appendix B of this study. Moreover, the estimated ultimate recovery for this 
well can be found deterministically; however, BDb and 
elfp
t will be used stochastically to 
develop the Monte Carlo simulation for wells that must use probabilistic methods to 
ascertain estimated ultimate recoveries of oil. 
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Chapter 3 
Well Evaluation for Linear-Post-Linear flow and Linear-flow regimes 
This chapter looks at the development of the cumulative production versus the square-
root-of-produced-time profile with emphasis on a well that is in linear-post-linear-flow 
regime as well as a well that is in the linear-flow regime. Here the procedural layout will 
be given such that the user can apply this methodology to wells of interest in a production 
field. At the conclusion of this analysis, similar to that found in chapter two, two values 
will be ascertained from the analysis and will be values that will be used for Monte Carlo 
simulation to evaluate the estimated ultimate recoveries based on probabilistic methods. 
 
3.1 Development of the Production Profile for a well that is in Linear-post-Linear 
flow 
For this example the Bohmbach 3-35H well will be analyzed using the methodology 
defined in chapter two. Since this well is analyzed the same way as the Clarks Creek 10-
0805H, a few of the steps carried out in the Clarks Creek 10-0805H will be omitted from 
this example. Appropriate tables and profiles will be shown but the detail as to how those 
profiles where created are the same as in the Clarks Creek 10-0805H example. The 
Bohmbach 3-35H well is a horizontal well located in McKenzie county North Dakota. 
This well has been in production for approximately three years at the time of this study. 
The difference that is demonstrated by the Clarks Creek 10-0805H that is dissimilar from 
the Bohmbach 3-35H is that this well is producing in the linear-post-linear-flow regime.  
As one works through the development of the cumulative production versus the square-
root-of-produced-time profile steps, it will become clear that the time at which the end of 
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linear-flow cannot be determined utilizing an error minimization approach, similar to 
Clarks Creek 10-0805H, through the simultaneous match of the cumulative production 
and the Arps’ hyperbolic exponent to determine the time to the end of linear-flow. Thus 
to determine the time to the end of linear-flow will require a model fit estimate between 
two linear-flow-regime fits, and the intersection of these model fits will be defined as the 
intersection time. The linear-post-linear-flow-regime is realized when a well, acting in 
the infinite acting linear-flow regime, encounters a boundary, which would give the 
appearance that the well is acting in boundary-dominated flow. However, the well feels 
one boundary but not all boundaries have been felt by the well at the onset of the first 
boundary. As the well continues to produce over time the well moves into a second 
infinite acting flow-regime, this phenomena is named linear-post-linear-flow and a detail 
analysis will be shown to reinforce the statements above. First the production data of the 
Bohmbach 3-35H is given in Table 2. 
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Table 2: North Dakota Industrial Commission (NDIC) production data for the 
Bohmbach 3-35H  
 
Month of 
Production
Days produced in 
the month
Oil 
(bbls)
Gas 
(Mcf)
Water 
(bbls)
Jun-12 0 0 0 0
Jul-12 7 2223 1194 473
Aug-12 14 6830 7510 1656
Sep-12 30 18097 21265 3666
Oct-12 31 13582 19688 2740
Nov-12 30 10279 14240 1749
Dec-12 28 8157 11702 1367
Jan-13 27 8685 11209 1292
Feb-13 11 2082 3333 328
Mar-13 27 9128 11255 1845
Apr-13 30 7040 10674 1185
May-13 31 6367 8813 1035
Jun-13 30 5635 7573 903
Jul-13 31 5534 6879 735
Aug-13 31 5338 7088 793
Sep-13 28 4558 5145 597
Oct-13 31 5090 6333 810
Nov-13 30 4592 6008 677
Dec-13 31 4573 5835 680
Jan-14 31 4348 5487 585
Feb-14 28 3971 4847 558
Mar-14 31 4118 5266 630
Apr-14 29 3548 4828 483
May-14 31 4119 3383 563
Jun-14 30 3743 4918 687
Jul-14 31 3352 5409 415
Aug-14 27 2941 3531 508
Sep-14 30 3841 4225 650
Oct-14 31 3665 5799 632
Nov-14 29 2739 3921 843
Dec-14 29 3440 3973 982
Jan-15 31 3440 4052 517
Feb-15 28 3034 3889 455
Mar-15 31 3053 4176 387
Apr-15 30 3233 4569 501
May-15 31 3062 4688 482
Jun-15 30 2742 4318 430
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From Table 2, the plot of the cumulative production versus the square-root-of-produced-
time profile can be generated, Figure 5. The next step will be to determine a model fit of 
the production data using the Arps’ hyperbolic equation defined in Rodrigues and Callard 
(2012). Applying the Arps’ hyperbolic model fit analysis to Figure 4 and trying to use a 
error minimization analysis as demonstrated in the analysis of the Clarks Creek 10-
0805H, it will become very apparent that a solution that can satisfy the error minimization 
cannot be found. In fact, since the Bohmbach 3-35H is a well that is in the linear-post-
linear-flow regime, the Arps’ hyperbolic equations cannot be used. 
 
Figure 5. Cumulative production versus square-root-of-produced-time profile of the 
Bohmbach 3-35H. 
 
 
Therefore, a new technique will need to be added to determine the intersection time 
between the linear flow and linear-post-linear flow regimes. To determine the intersection 
time for a well in linear-post-linear-flow-regime one will have to determine the slope of 
the first regression line of the infinite acting flow-regime, which in turn will help in the 
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establishment of the slope of the second linear regression line of the second infinite acting 
flow-regime. A well that is in linear-post-linear-flow can be described as well that is in 
semi-infinite-acting-flow regime. The intersection time can be observed by determining 
the intersection of the infinite acting flow-regime and the linear-post-linear-flow regime 
Figure 6. The model fit of the linear-post-linear-flow regime can be modeled by using 
equation (2-1). It should be noted that a trial-and-error method would be employed such 
that one can find the approximate intersection of the infinite acting linear-flow regime 
and the linear-post-linear-flow regime. It’s important to note that the ratio of the slope of 
the infinite acting flow-regime and the slope of the linear-post-linear-flow-regime will 
always be less than one. Figure 6, shows the approximate location of the intersection time 
for a well operating in the linear-post-linear-flow regime. 
21 
 
Figure 6. Cumulative production versus the square-root-of-produced-time in 
months for the intersection of the Infinite Acting Linear-flow-regime and the 
Linear-Post-Linear-flow-regime of the Bohmbach 3-35H. 
 
From this analysis two additional parameters were found, which are the ratio of the slopes 
of the cumulative production versus the square-root-of-produced-time and the linear-
post-linear best-fit regression analysis, m2/mcsrt, and the intersection time for linear-post-
linear-flow-regime, tx. As in the Clarks Creek 10-0805H the values of the slope and 
intercept as well as the intersection time and the ratio of the slopes for the Bohmbach 3-
35H can be found in Appendix B of this study. Moreover, the estimated ultimate recovery 
for this well can be found deterministically; however, m2/mcsrt and tx will be used 
stochastically to develop the Monte Carlo simulation for wells that must use probabilistic 
methods to ascertain estimated ultimate recoveries of oil. 
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3.2 Development of the Production Profile for a well that is in Linear-flow 
For this example the Fettig 24-22H well will be analyzed using the methodology defined 
in chapter two. As stated in previous sections this well is analyzed the same way as the 
Clarks Creek 10-0805H and the Bohmbach 3-35H. Appropriate tables and profiles will 
be shown but the detail as to how those profiles where created are the same as in the 
Clarks Creek 10-0805H example. The Fettig 24-22H well is a horizontal well located in 
McKenzie county North Dakota. This well has been in production for approximately six 
years at the time of this study. The difference that is demonstrated by the Fettig 24-22H 
that is dissimilar from both the Clarks Creek 10-0805H and Bohmbach 3-35H is that this 
well is producing in the linear-flow regime and a boundary or boundaries have yet to be 
reached.  As one works through the development of the cumulative production versus the 
square-root-of-produced-time profile steps, it will become clear that the time at which the 
end of linear-flow cannot be determined utilizing an error minimization approach nor the 
linear-post-linear approach described in section 3.1. Thus to determine the time to the end 
of linear-flow will require stochastic approach utilizing Bayesian theory. Bayesian theory 
will be discussed in detail in chapter four along with other stochastic values that will be 
needed in the development of the Monte Carlo simulations of the estimated ultimate 
recovery of oil. The production data for the Fettig 24-22H is presented in Table 3. 
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Table 3: North Dakota Industrial Commission (NDIC) production data for the 
Fettig 24-22H  
 
Month of 
Production
Days produced in 
the month
Oil 
(bbls)
Gas 
(Mcf)
Water 
(bbls)
Nov-10 3 234 971 0
Dec-10 31 6876 1616 540
Jan-11 31 3946 1009 220
Feb-11 26 3177 745 681
Mar-11 31 3026 1083 735
Apr-11 30 2381 998 527
May-11 31 2066 1043 591
Jun-11 29 1743 960 495
Jul-11 31 1745 1056 633
Aug-11 31 1627 1005 503
Sep-11 30 1431 1005 478
Oct-11 28 1333 925 460
Nov-11 30 1358 1025 411
Dec-11 30 1199 980 250
Jan-12 31 1304 1025 348
Feb-12 23 988 705 468
Mar-12 28 1237 845 297
Apr-12 30 1107 830 293
May-12 31 1055 935 232
Jun-12 30 1030 800 287
Jul-12 31 1064 645 247
Aug-12 31 963 620 267
Sep-12 30 957 600 239
Oct-12 31 930 620 261
Nov-12 30 819 628 182
Dec-12 31 906 1175 183
Jan-13 30 1003 1305 280
Feb-13 28 763 918 247
Mar-13 30 821 1040 191
Apr-13 25 651 800 252
May-13 31 861 926 129
Jun-13 30 759 939 190
Jul-13 31 739 931 213
Aug-13 30 724 901 210
Sep-13 30 710 878 217
Oct-13 25 573 706 198
Nov-13 0 0 0 0
Dec-13 7 454 937 57
Jan-14 28 1042 1684 125
Feb-14 28 701 1173 193
Mar-14 31 738 903 213
Apr-14 30 759 821 182
May-14 25 628 653 212
Jun-14 24 517 570 243
Jul-14 26 678 785 180
Aug-14 22 497 546 210
Sep-14 28 726 563 192
Oct-14 30 592 672 220
Nov-14 28 594 633 203
Dec-14 31 597 677 210
Jan-15 26 544 628 187
Feb-15 27 448 586 135
Mar-15 19 409 541 25
Apr-15 29 671 585 220
May-15 31 634 578 152
Jun-15 30 587 562 173
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Using the data found for the Fettig 24-22H the following cumulative production versus 
the square-root-of-produced-time profile can be created along with the model fit of the 
infinite acting linear-flow regime, Figure 7. 
 
 
 
Figure 7. Showing the model fit the linear-flow portion of the cumulative production 
versus square-root-of-produced-time profile Fettig 24-22H. 
 
One thing to notice in Figure 7 as the cumulative production increases over time is that 
the data never truly deviates from the linear flow model fit; therefore, as one works 
through the analysis for boundary-dominated flow in chapter 2, it becomes clear that the 
Fettig 24-22H is not in boundary-dominated flow but in fact in linear-flow. The next step 
in the analysis is to determine if the well is in linear-post-linear-flow or if the well is 
actually still in the linear-flow regime and has not felt a reservoir boundary. One could 
attempt to apply the second linear model fit to the cumulative production data above; 
however, since the production slightly deviates but never truly moves off the model fit 
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curve, one can concluded that the Fettig 24-22H well is still in the linear-flow regime. 
Therefore, since the Fettig 24-22H is performing in the linear-flow regime, the time to 
the end of linear-flow, nor the intersection time, can be determined for this well utilizing 
the methods described thus far; in addition, the cumulative production at the end of linear 
flow cannot be determined. To determine the time to the end of linear-flow for a well in 
the linear-flow-regime will require a stochastic approach to determine the time to the end 
of linear-flow based on a probabilistic confidence criteria. To do this will require the use 
of Bayesian theory, which will be derived in detail in chapter four.  As in the two well 
examples thus far, values of the slope and intercept can be found in Appendix B of this 
study for the Fettig 24-22H. However, m2/mcsrt = 1 since this will is in the linear-flow 
regime. Monte Carlo simulations will be required to ascertain estimated ultimate 
recoveries of oil for a well in the linear flow-regime. 
 
3.3 Determination of the flow-regime of a well 
To determine the correct flow-regime of the well of interest will require taking the 
derivative of the cumulative production versus the square-root-of-produced-time data. 
Furthermore, three techniques for analyzing a well to determine if the well is in boundary-
dominated flow, linear-post-linear-flow and linear-flow have been shown thus far. As one 
works through a multitude of wells there may be times that it is difficult to ascertain the 
correct flow-regime. Since the cumulative production versus the square-root-of-
produced-time profile is a linear increasing linear profile in the infinite acting phase and 
an increasing at a decreasing rate in the boundary-dominated phase, the derivative of this 
plot can be used to determine what flow-regime the well is currently in. The derivative 
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profile is a very useful tool that can help in diagnosing the flow-regime of a well. If a well 
is performing in the linear-flow regime the derivative of the cumulative production versus 
the square-root-of-produced-time data would yield a constant value on the derivative 
curve, straight line. The derivative of the linear-flow regime would yield a constant rate 
of change. Likewise a well that has reached boundary-dominated flow would yield a 
constant rate of change on the derivate profile followed by a decrease in the rate of change 
at a constant decreasing rate on the derivative curve indicating that all boundaries of the 
reservoir have been reached. For a well performing in the linear-post-linear-flow regime 
the rate of change on the derivative curve will be constant up to a point that a boundary 
appears to have been reached only to resume a constant rate of change but at a lower rate 
of change value. The derivative of the cumulative production versus the square-root-of-
produced time are given in figures 8, 9 and 10 respectively. Utilizing the derivative and 
model fit of the derivative data, one can ascertain the flow regime the well is in. Note that 
once a boundary has been reached, in the case of boundary-dominated and linear-post-
linear flow, the derivative will be constant up to the time to the end of linear flow or 
intersection time and then change to either linear decreasing rate (boundary-dominated) 
or a lower constant derivative (linear-post-linear). 
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Figure 8. The model fit of the derivative of the cumulative production versus the 
square-root-of-produced-time in months of the Fettig 24-22H. 
 
 
 
Figure 9. The model fit of the derivative of the cumulative production versus the 
square-root-of-produced-time in months of the Bombach 3-35H.  
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Figure 10. The model fit of the derivative of the cumulative production versus the 
square-root-of-produced-time in months of the Clarks Creek 10-805H 
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Chapter 4 
 
Determination of Stochastic Values for Estimated Ultimate Recovery Forecasting 
 
The next phase in the model development is to determine stochastic values looking at 
four parameters that will be found through analyzing wells in a similar fashion as in 
chapters two and three. This information will be used in the development of the Monte 
Carlo simulation for estimated ultimate recoveries of oil. Depending on the flowing 
behavior of the well, boundary-dominated, linear-post-linear and linear-flow regime will 
prescribe the evaluation of the well. 
 
4.1 Stochastic Methodology  
The stochastic methodology will look at four parameters that are uniquely inherent to the 
wells analyzed over a particular field. Stochastic analysis will be used for the Arps 
boundary-dominated exponent, the time to the end of linear-flow for wells in boundary-
dominated flow-regime, the intersection time for wells in linear-post-linear-flow regime 
and the ratio of the slopes of the linear-post-linear-flow profiles. It should be noted that 
the results presented in this chapter are production field specific! Therefore, the procedure 
laid out in this chapter to analyze stochastically the four parameters of interest will be the 
same procedure one would use when applying this methodology to a field of interest; 
however, the result will be different. 
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4.2 Stochastic Methodology for the Arps’ Boundary-dominated Exponent 
This study found, out of the 185 wells analyzed based on the previous specified evaluation 
criteria, 17 wells that exhibited a boundary-dominated flow-regime. To develop 
stochastic analysis for the Arps’ boundary-dominated exponent the following steps are 
needed to evaluate the data set.  
1. Collect the Arps’ boundary exponents for all wells in boundary-dominated flow. 
2. Sort Arps’ boundary exponents from least to greatest value. 
3. Count the number of Arps’ boundary-dominated exponent data point occurrences. 
4. Each occurrence will be divided by the total Arps’ boundary-dominated exponent 
count plus one (this represents the probability of the Arps’ exponent that will 
occur.) 
5. Find the inverse-standard-normal-cumulative distribution of each probability. 
6. Plot the log-normal distribution of the Arps’ boundary-dominated exponent 
versus the standard deviation Figure 11. 
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Figure 11. Log-Normal Distribution Arps’ Boundary-Dominated exponent  
The slope of the log-normal distribution (the standard deviation) was found to be 1.60 
and the mean of the log-normal distribution is 0.33. 
 
4.3 Stochastic methodology Ratio of the Slopes of the Linear-post-Linear-flow-
regimes 
This study found, out of the 185 wells analyzed based on the previous specified research 
criteria, 134 wells exhibited a linear-post-linear-flow-regime. To develop stochastic 
analysis for the ratio of the slopes of the linear-post-linear-flow-regime the following 
steps are needed to evaluate the data set.  
1. Collect the ratio of the slopes for all wells in linear-post-liner flow-regime. Note 
that the ratios must be less than one. 
2. Sort ratio of the slopes from the least-to-greatest value. 
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3. Count the number of ratio of the slopes data point occurrences. 
4. Each occurrence will be divided by the total ratio of the slope count plus one (the 
probability of the ratio of the slopes that will occur.) 
5. Find the inverse-standard-normal-cumulative distribution of each probability. 
6. Plot the log-normal distribution of the ratio of the slope of the linear-post-linear-
flow-regime versus the standard deviation Figure 12. 
 
Figure 12. Log-Normal Distribution ratio of slopes of the Linear-Post-Linear-flow 
regime. 
 
The slope of the log-normal distribution (the standard deviation) was found to be 0.1 and 
the mean of the log-normal distribution is 0.78. 
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4.4 Stochastic methodology for the Time to the End of Linear-flow for Boundary-
Dominated Reservoirs 
As stated previously for boundary-dominated wells, 17 wells exhibited boundary-
dominated flow-regime. The time to the end of linear-flow for each well was observed 
from boundary-dominated analysis. Moreover, stochastic analysis for the time to the end 
of linear-flow using observed end of linear-flow time for boundary-dominated wells is as 
follows.  
1. Collect the time to the end of linear-flow data set. 
2. Sort the time to the end of linear-flow from the lowest to highest value. 
3. Count the number of data point times to the end of linear-flow occurrences. 
4. Each occurrence will be divided by the total time of end of linear-flow count plus 
one (the probability of the end of linear-flow time that will occur.) 
5. Find the inverse-standard-normal-cumulative distribution of each probability. 
6. Plot the log-normal distribution of the time to the end of linear-flow versus the 
standard deviation Figure 13. 
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Figure 13. Log-Normal Distribution for the Time to the End of Linear-flow, 
Boundary-Dominated. 
 
The slope of the log-normal distribution (the standard deviation) was found to be 0.42 
and the mean of the log-normal distribution is 7.81. 
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4.5 Stochastic Methodology for the Intersection Time for wells in Linear-Post-
Linear and Linear-flow regimes 
The remaining wells in this study exhibited linear-post-linear (134 wells) and linear (34 
well) flow-regimes. To predict the time to the end of linear-flow for wells that are still in 
the linear-flow-regime a new technique will be needed to predict the time at which the 
end of linear-flow can be ascertained based on a confidence probability. To do this Life 
Table Actuary Analysis and Bayesian Theory will be adapted to determine the end of 
linear-flow time of a well not yet reaching the end of linear-flow. The time to the end of 
linear-flow found for the linear-post-linear-flow regimes will be used in the development 
of the probabilistic analysis. Henceforth, this analysis will be called actuary time to the 
end of linear-flow.  
First, it should be noted that the development of this time to the end of linear-flow 
Bayesian tool will be unique to the field production being evaluated. Therefore, the user 
of this probabilistic model will have to determine the actuary time to the end of linear-
flow based on the field of interest. 
To develop the actuary time to the end of linear-flow tool the following steps are needed: 
1. Collect the intersection time data set for the linear-post-linear-flowing wells. 
2. Sort the intersection time from the lowest to highest value. 
3. Count the number of data point intersection time occurrences. 
4. Each occurrence will be divided by the total intersection time count plus one 
(probability of the linear-post-linear intersection time that will occur.) 
5. Find the inverse-standard-normal-cumulative distribution of each probability. 
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6. Plot the log-normal distribution of the intersection time versus the standard 
deviation Figure 14. 
 
 
 
Figure 14. Log-Normal Distribution for the Intersection Time, Linear-Post-Linear. 
 
The slope of the log-normal distribution of Figure 14, which is the standard deviation, 
was found to be 0.34 and the mean of the log-normal distribution is 19.38. 
Applying Bayes Theorem to determine the time to the end of linear flow for wells that 
are still in the linear flow regime relates probabilities such that the probability of A given 
B is equal to the probability of A, multiplied by the probability of B given A, divided by 
the probability of B, equation (4-1). To illustrate, one is interested in knowing the 
potential time to the end of linear-flow for a well that has yet to reach the end of linear-
flow regime will be related to the current production life of the well of interest. 
Information about the wells age can be used to more accurately assess the probability of 
what time to the end of linear-flow one can expect 
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The parameters of Bayes Theorem for estimating the time to the end of linear flow is as 
follows: 
 BAP | , probability of expected age given current age given as a random variable 
 [0, 1]. 
 ABP | , probability of current given age an expected age greater than current age = 1.
 AP  Probability of achieving an expected age greater than current age. Resulting 
 probability yields expected age. 
 BP  Probability of current age from log mean distribution. 
Therefore, Bayes theorem can be reduced to equation (4-2) 
  )()|( BPBAPAP  ……………...………………........…….….…..………………(4-2) 
Apply equation (4-2) to find the standard deviation as a function of current well life and 
using that probability to determine  BP  and use a desired confidence probability interval 
for  BAP | . Note that low confidence intervals will return a higher time to the end of 
linear-flow and higher confidence probability intervals will yield lower time to the end 
of linear-flow values. Once  BP  has been determined and  BAP | has been selected 
equation (4-2) will be used to find  AP .  AP  is the probability that a well will be at a 
specified time of end of linear-flow based on current production life and its probable 
outcome. Moreover, once  AP  has been found then the inverse-standard-normal-
cumulative distribution of  AP  will be ascertained, this value will yield a corresponding 
standard deviation to the found probability.  
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Utilizing the procedures above one can generate a probabilistic profile of the expected 
end of linear-flow time based on Bayes Theorem.  
Furthermore, to help aid in the visualization of utilizing Bayesian Theory to determine 
the time to the end of linear flow, one can develop the log-normal cumulative probability 
chart Figure 15. Therefore if one knows the age of a well of interest, then the end of linear 
flow can be determined. Using the data discussed previously for the time to the end of 
linear flow and intersection time, a log-normal cumulative probability distribution can be 
applied. Therefore, there is a six step process that will be used to determine the time to 
the end of linear flow for a well of interest. The process is as follows: 
1. Select the age of  the well 
2. Determine P(age) based on current age of the well. This will be equal to  BP . 
3. Apply Bayes Theorem by selecting a random number [0, 1], this will be equal to
 BAP | , determine the probability of achieving an expected age greater than 
current age. Note that the probability of achieving an expected age greater than 
current age will be less than the probability of current age based on the age of the 
well. This will be equal to  AP  
4. Once the probability of achieving an expected age has been found, one will move 
horizontally to the cumulative probability curve. 
5. From the cumulative probability curve one will move vertically to the time to the 
end of linear flow data set. 
6. From the time to the end of linear flow data set move horizontally to the time to 
the end of linear flow axis. This will be the time to the end of linear flow based 
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on the product of a randomly selected probability and the probability at current 
age. 
 
 
Figure 15. Log-Normal Distribution Cumulative Probability Chart to determine 
the Time to the End of Linear-flow. 
 
The tabulated stochastic values for this research is given in Table 4. 
Table 4: Tabulated values for the Stochastic Analysis 
 
 
The parameters in Table 4 will be used in the Monte Carlo simulation for estimated 
ultimate recoveries of oil. 
Flow Regime Values Slope Mean
Actuary time to the end of 
linear flow (Log Normal)
0.42 7.81
Arps' Boundary Dominated 
Exponent (Log Normal)
1.60 0.33
Intersection time (Log Normal) 0.34 19.38
Ratio of slopes of the Linear-
Post-Linear Wells (Log Normal)
0.10 0.78
Linear-Post-Linear
Infinite Acting Boundary Dominated
40 
Chapter 5 
 
Monte Carlo Simulations for Estimated Ultimate Recovery Probabilistic Analysis 
Applying Petroleum Resource Management System (PRMS) criteria to the well values 
and the stochastically-found results in chapter four, one can use Monte Carlo simulations 
for random probabilistic variables for the stochastically-found results to determine the 
estimated ultimate recovery of a well or wells in a production field. Utilizing this 
information, one can develop a probabilistic estimated ultimate recovery forecast for 
economic evaluation purposes. 
 
5.1 Initial setup of the Monte Carlo simulation  
Once steps for finding the stochastic values for all wells analyzed from chapter four, 
Table 4, is completed, the process of setting up a Monte Carlo simulation to evaluate 
wells that are in boundary-dominated, linear-post-linear and linear-flow regimes to 
determine the estimated ultimate recovery of oil for a field of interest can begin.  
Before one can begin the Monte Carlo setup, the economic limit of the field of interest 
must first be determined. The economic limit is the limiting amount of barrels one would 
produce economically. The economic limit is a function of the monthly operating costs, 
net revenue interest per working interest, severance, and oil commodity prices and will 
have to be applied accordingly to the evaluation of interest. 
The next phase in setting up the Monte Carlo simulation is to acquire the slope and 
intercept of the cumulative production versus the square-root-of-produced-time profiles 
of the wells of interest. The three examples, laid out in chapters two and three, will be 
used and their parameters are found in Appendix B of this study. The slope and intercept 
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for the cumulative production versus the square-root-of-produced-time will be specific to 
the well being studied. The stochastic values found, utilizing the methodology in chapter 
four, will be used commonly across all wells analyzed. The stochastic values for wells in 
boundary-dominated flow and linear-post-linear-flow can be found in Table 4.  
 
5.2 Determination of the Estimated Ultimate Recovery of oil wells in Boundary-
Dominated flow and Linear-Post-Linear-flow 
To determine the estimated ultimate recoveries of wells in boundary-dominated, linear-
post-linear and linear-flow will require the use of the hyperbolic equations defined in 
Table A.1 of the appendix of Rodrigues and Callard (2012).  The equations will be relied 
on for the setup of the simulation using Monte Carlo numerical analysis. 
To determine the estimated ultimate recovery for boundary-dominated flow and linear-
post-linear flow regime can be found deterministically utilizing the parameters found in 
Appendix B for chapters two and three respectively. The deterministic results for the 
Clarks Creek 10-0805H and the Bohmbach 3-35H are given in Table 6 of section 5.5. 
The cumulative production versus the square-root-of-produced-time profiles showing the 
deterministic estimated ultimate recoveries are given in Figure’s 16 and 17 respectively.  
It should be noted for the Clarks Creek 10-0805H it would have a total well life of 
approximately 39 years before the estimated ultimate recovery is achieved for the well 
parameters found through model matching and assumed operating expense defined in the 
economic limit. Likewise, for the Bohmbach 3-35H it will take approximately 37 years 
to achieve the estimated ultimate recovery of this well based on the well parameters and 
economic limit for this well. 
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Figure 16. The cumulative production versus the square-root-of-produced-time in 
months of the Clarks Creek 10-805H with Estimated Ultimate Recovery. 
 
 
Figure 17. The cumulative production versus the square-root-of-produced-time in 
months of the Bohmbach 3-35H with Estimated Ultimate Recovery. 
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5.3 Application of the Monte Carlo Simulation  
The Monte Carlo model will be setup such that the analysis will rely on a repeated random 
sampling of the proportion of wells that are in boundary-dominated flow to the wells in 
linear-post-linear and linear-flow. This analysis will rely on what will be called 
realizations based on the number of iterations required to reach convergence.   The setup 
of the Monte Carlo simulation is as follows: 
1. Determine slope of the cumulative versus the square-root-of-produced-time 
profile. 
2. Determine the intercept of the cumulative versus the square-root-of-produced-
time profile. 
3. Determine the current cumulative production at the current life of the well. 
4. Determine the economic limit of the field of interest. 
5. Determine the percentage of the wells in boundary-dominated flow-regime 
relative to the wells in linear-post-linear and linear-flow-regimes. 
6. Using the hyperbolic equations defined in Table A.1 of the appendix of Rodrigues 
and Callard (2012). Determine the estimated ultimate recoveries of a well in either 
boundary-dominated or linear-post-linear and linear-flow regimes. 
7. The Monte Carlo setup will be such that the estimated ultimate recovery of oil 
will converge on a series of realizations. Convergence will be acquired by the 
minimal change of the standard deviation relative to the mean. 
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5.4 Results of the Monte Carlo Simulation  
The results of the linear-flow of the Monte Carlo analysis of the Fettig 24-22H is as 
follows. Note that the percent BD given in Table 5 is the ratio of the boundary dominated 
wells to the number of linear-post-linear wells plus the boundary dominated wells. This 
percentage is used in the decision process of the Monte Carlo simulation utilizing random 
sampling. Note that this study only found 17 wells that are in boundary dominated flow, 
134 wells in linear-post-linear flow and 34 wells in linear flow; therefore, utilizing 
Bayesian theory, the probabilistic method laid out thus far, will be needed for wells in 
linear flow.  
Table 5: Monte Carlo Input values for the Fettig 24-22H 
 
Well Parameters slope (STD) mean=exp(intercept)
mcsrt 9,231 bbls/√months IABD acturay telf (log normal) 0.379 7.810
Npi -940 bBD (log normal) 1.520 0.224
Npmax 63,922 LPL acturay tx (log normal) 0.337 19.380
mratio (log normal) 0.099 0.779
Linear Flow 34 MOC $15,000 per month
Linear-post-linear Flow 134 Price of Oil and associated gas $50 per bbl
bondary dominated Flow 17 151 NRI/WI 0.7
severence 6%
percent BD 11% Economic Limit 456 STB per month
Operational Parameters
Stochastic Results
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Figure 18. Monte Carlo simulation for and Estimated Ultimate Recovery of Oil, 
Fettig 24-22H. 
 
Notice how as the realization increase the estimate ultimate recovery values converge on 
a solution. For the Fettig 24-22H, it took approximately 33 realizations to achieve 
convergence, Figure 18. The mean value of the estimated ultimate recovery of this well 
based on the parameters in Table 5 is 68,357 bbls. Figure 19, shows the Fettig 24-22H 
cumulative production versus the square root of produced time profile with the estimated 
ultimate recovery for this well utilizing the Monte Carlo estimated ultimate recovery 
method. It should be noted that based on the intial assumptions for the Monte Carlo 
analysis, it appears that the Fettig 24-22H will reach its estimated ultimate recovery in 
approximately 56 months from initial well life. 
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Figure 19. The cumulative production versus the square-root-of-produced-time in 
months of the Fettig 24-22H with Estimated Ultimate Recovery. 
 
5.5 Applying the Petroleum Resource Management System criteria. 
Petroleum Resource Management System Guidelines (PRMS) for proved, probable and 
possible reserves is used to quantify oil reserves for public reporting. From KelKar 
(2013), according to the Petroleum Resource Management System (PRMS) criteria, 
proved reserves represent the most important category of reserves and represent the 10th 
percentile reserves and should have a 90% probability that these reserves can be 
produced.  KelKar also states, probable reserves represent the difference between the 50th 
and 10th percentile values or the difference between the 90% and the 50% probabilistic 
value; furthermore, possible reserves represent the difference between the 90th and 50th 
percentile or the difference between the 50% and 10% probabilistic value. Therefore, to 
determine the proved, probable and possible reserves for the Fettig 24-22H well given 
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previously, the mean of the estimated ultimate recovery and the standard deviation was 
found and is given in Table 6. Note that the standard deviation is used to break down the 
mean into proved, probable and possible reserves. The process in determining Petroleum 
Resource Management System criteria (PRMS) is as follows: 
1. Determine the standard normal cumulative distribution of the proved, probable 
and possible, which is 90%, 50% and 10% probability respectively. 
2. Find the log-normal distribution of the estimated ultimate recovery based on 
proved, probable and possible criteria. MCEUR is the estimated ultimate recovery 
found using the Monte Carlo simulation, z is the standard normal cumulative 
distribution values and MCSTD is the standard deviation of the Monte Carlo values 
based on the realizations found. 
3. To determine proved, probable and possible reserves for public reporting one 
would multiply the 90% probability to the 90% Monte Carlo estimated ultimate 
recovery reserves for proved reserves. Furthermore, probable reserves is found by 
multiplying 50% to the difference in of the 90% and 50% Monte Carlo estimated 
ultimate recovery reserves. Possible reserves are found by multiplying 10% to the 
difference between 50% and 10% Monte Carlo estimated ultimate recovery 
reserves. 
The results of the petroleum resource management criteria for the Fettig 24-22H well is 
as follows. 
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Table 6: Deterministic and Monte Carlo Results for Proved, Probable and Possible 
Reserves 
 
From the analysis it can be seen that the reserves that would be used for public reporting 
are the summation of the proved, probable and possible reserve criteria, called Reportable 
Reserves, found in Table 6 for the Fettig 24-22H. For the Clarks Creek and the Bohmbach 
wells, the deterministic reserves, which represent the most conservative value, is based 
on the observed parameters determined through the utilization of the cumulative 
production versus the square-root-of-produced-time profile outlined in chapter two and 
three respectively.  
Furthermore, if one is evaluating stochastically found reserves and one moves from the 
proved reservoir criteria and considers projects that would require a higher degree of risk 
then probable and possible reserve parameters may be used. Furthermore, another way to 
look at the numbers is to understand that the range of possible barrels that can be 
recovered, based on a producers operating costs and oil commodity prices, one will never 
be able to realize the total amount of oil production potential of a well. Therefore, it is 
important to understand what the numbers say and make economic decisions based on 
EUR (bbls) 439,784
EUR (bbls) 726,921
Mean EUR Standard Deviation
67,679 9.71%
Standard Normal Cum 
Distribution EURProb
Reportable 
Reserves (bbls)
Proved P1 90% 1.28 59,757 53,782
Probable P2 50% 0.00 67,679 3,961
Possible P3 10% -1.28 76,651 897
58,640
Deterministically determined Estimated Ultimate Recoveries
Stochastically determined Estimated Ultimate Recoveries
Reportable Reserves =
Clarks Creek 10-0805H (BD)
Bohmbach 3-35H (LPL)
Fettig 24-22H (L)
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what the data is stating. For example, Fettig 24-22H, the 90% PRMS reserve barrels 
should be used in lieu of the ultimate potential of the well, in this case the ultimate 
potential found for this well is 76,651 bbls based on the assumed operating costs and oil 
commodity prices; however, the best possible outcome of this well cannot exceed the 
PRMS reserves value, which is the summation of the PRMS proved, probable and 
possible reserves. Therefore the 90% PRMS reserve value should be used for the 
economic decision process, which states that there is a 90% probability of producing this 
amount of barrels and any reservoir volumes greater than this only exasperates the risk 
potential. 
 
5.6 What the Results Say 
The results of the estimated ultimate recovery analysis can be applied to all 185 wells 
studied such that the estimated ultimate recoveries for oil can be found using the 
stochastic model for a field of interest. The Petroleum Resource Management System 
(PRMS) criteria coupled with the estimated ultimate recovery probabilistic reserve 
procedure proposed in this research exhibit a powerful tool that can help upstream 
companies, mid-stream companies and investment firms evaluate oil assets.  It is possible 
that estimated ultimate recoveries can be found individually for wells using this 
technique; however, it needs to be understood that for one to be able to truly determine 
the correct estimated ultimate recovery of a single well will require knowledge of the 
production history from the beginning of well-life until abandonment. Since the wells 
studied in this analysis have only been producing for approximately three to seven years 
it could take years to determine the true estimated ultimate recovery of a well. Another 
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important factor will be the historical commodity price of oil that will be needed to 
determine the estimated ultimate recovery of oil for the well in question. Therefore the 
results allow for an estimation of the ultimate recoveries for a field and should be applied 
on field-by-field basis. 
 
5.7 Sensitivities of the Estimated Ultimate Recovery values for future Oil 
Commodity Prices 
A powerful component to this technique is looking at sensitivity studies on future oil 
commodity prices. For example, if a mid-stream provider is looking to provide a 
transportation service for an upstream company to move oil from the well-head to third-
party offloads or processing, a significant capital expense will be burdened by the mid-
stream provider. It is paramount that the mid-stream provider carry-out their due-
diligence to ensure that the project has an economic viability. The reserve procedure laid 
out in this research can give the mid-stream provider insight as to the expected ultimate 
recovery of the reserves by looking at the future commodity prices. This procedure will 
empower the mid-stream provider to weigh the economic risk burden to the company as 
well as develop a spending-capital timeline to maximize revenue and hit the acquired 
target-rate-of-return. 
51 
Chapter 6 
Conclusion 
6.1 Conclusion  
The model for flow-regime changes for this study was a success. Deterministic reserves 
can be determined on boundary-dominated and linear-post-linear wells and two key 
distributions are desired from an area of interest studied for each late life flow regime. 
Stochastic reserves can be determined on infinite acting wells using these key 
distributions and this methodology is not limited to reservoir or fluid and can be used in 
other fields developed with horizontal wells with multistage fracture stimulation 
Furthermore, the model was able to allow for the approximation of the estimated ultimate 
recovery for a field of interest and allow for the quantification of reserves corresponding 
to the Petroleum Resource Management System (PRMS) criteria for reserve reporting 
purposes. This method can empower upstream companies, mid-stream companies and 
investment firms the ability to gain some insight into the potential ability to recover 
reserves from a field of interest. This model can be used in the economic decision-making 
process to compare and contrast, along with running sensitivity studies on future 
commodity prices of oil to ascertain the validity of an oil project or investment. 
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Appendix A: Nomenclature 
𝑏    Arps’ exponent, dimensionless 
𝐸𝑈𝑅    Estimated Ultimate Recovery, bbls 
𝐺   Gas Production, Mcf 
𝐼𝐴𝐵𝐷   Infinite Acting Boundary-dominated 
𝑚2   Slope of linear-post-linear regression line, STBs /√months 
𝑚𝑐𝑠𝑟𝑡   Slope of the cumulative production square-root-of-produced-time linear-
flow- regime STBs /√months 
𝑚2
𝑚𝑐𝑠𝑟𝑡⁄   Ratio of slopes for linear-post-linear, dimensionless 
𝑀𝑂𝐶   Monthly Operating Cost, $/bbl 
𝑁𝐷𝐼𝐶   North Dakota Industrial Commission 
𝑁𝑅𝐼   Net Revenue interest, % 
𝑁   Oil Production, bbls 
𝑁𝑃    Cumulative Oil Production, bbls 
𝑁𝑃𝑖     Cumulative Oil Production intercept, bbls 
𝑃1    Proved reserves, bbls 
𝑃2    Probable reserves, bbls  
𝑃3    Possible reserves, bbls 
𝑆𝑇𝐷    Standard Deviation, dimensionless 
𝑡𝑒𝑙𝑓   Time to the End of Linear-flow for boundary-dominated wells, months 
𝑡𝑝   Well age, months 
𝑡𝑝𝑚   Cumulative production months, month 
𝑡𝑥   Intersection time for linear-post-linear wells, months 
𝑊𝐼   Working interest, % 
𝑊   Water Production, bbls 
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Subscripts 
𝑐𝑠𝑟𝑡  Cumulative production square-root-of-produced-time 
𝐵𝐷  Boundary-dominated 
𝑖 Intercept 
𝐿𝐹  Linear-flow  
𝐿𝑖𝑓𝑒  Well current age  
𝐿𝑃𝐿  Linear-post-linear 
𝑀𝐶  Monte Carlo 
𝑛 Itteration 
𝑝 Cumulative 
𝑃𝑟𝑜𝑏 Probability 
 
 
 
 
 
 
 
56 
Appendix B: Bakken Production Data 
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